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Abstract 
The DC output voltage of some renewable energy systems such as photovoltaic systems and fuel cells is often of a 
low value. This requires some power electronic devices to step up the voltage to a suitable value which is required by 
inverters. Since the DC–DC converter is a nonlinear dynamic system due to its operation mode, a nonlinear method 
should be used for system analysis and design. 
This paper aims at analysis of the dynamic system, estimating the impact of inductor resistance on that behaviour and 
determining the stable operation regions of the system. The converter is simulated by a set of differential equations 
with considering the inductor internal resistance. The solutions have been derived and the outcome is a development 
of a mathematical model which is suitable for the discrete time map. Based on the established model, an algorithm for 
producing bifurcation diagrams is designed and a computer program in Matlab environment is written. Several 
computer simulations have been carried out and conclusions drawn, which would be useful for convertor and control 
design and for optimization of the operation mode of the converter system, avoiding the possible bifurcation and 
chaos phenomena in the long term. 
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1. Introduction  
   The DC output resulting from some renewable energy systems such as Photovoltaics and fuel cells is 
often of low value. Therefore electronic devices are required to step up the voltage to a suitable value. So, 
mostly, such systems are provided by DC –DC Boost Converters to work on raising the voltage to be 
proper for inverter input. 
   Due to the fact that DC-DC is a dynamic system because of its nonlinear elements and its operational 
mode with fixed period T and variable duty cycle D, and due to its feedback control circuit, so its 
operational mode is a nonlinear one which is varying with time. This requires using nonlinear methods for 
designing and analyzing the system. 
   This research work aims at analyzing the dynamic behaviour of DC-DC boost converter generally; and 
to estimate the impact of inductor resistance on such behaviour, as well as defining the stable regions of 
the system operation by using the Bifurcation & Chaotic Theory. Since this theory is unfamiliar, so far, in 
the engineering domain, we will firstly give a brief review of it, then we continue explaining it through 
applications to boost DC-DC converters. 
2. Basic principles of Bifurcation & Chaotic Theory [1] [6] 
     In mathematics, a deterministic system is a system in which no randomness is involved in the 
development of future states of the system. A deterministic model will thus always produce the same 
output from a given starting condition or initial state. Physical laws that are described by differential 
equations represent deterministic systems, even though the state of the system at a given point in time 
may be difficult to describe explicitly. Small differences in initial conditions (such as those due to 
rounding errors in numerical computation) yield widely diverging outcomes for chaotic systems, 
rendering long-term prediction impossible in general. This happens even though these systems are 
deterministic, meaning that their future behaviour is fully determined by their initial conditions, with no 
random elements involved. In other words, the deterministic nature of these systems does not make them 
predictable. This behaviour is known as deterministic chaos, or simply chaos. The systems studied in 
chaos theory are deterministic. If the initial state were known exactly, then the future state of such a 
system could be predicted. However, in practice, knowledge about the future state is limited by the 
precision with which the initial state can be measured. 
      Before chaos taking place, normally bifurcation happens, where soft and small change in the values of 
system parameters lead to qualitative and sudden change in its behaviour. So, bifurcation and chaos are 
considered as twin [1].  
    Applying the theory of bifurcation and chaotic to nonlinear electronic circuits started in 1982 through 
applying this theory on simple circuits such as Chua's circuit, and other electronic circuits [ 2-5].  
3. The mathematical model of DC-DC boost converters considering inductor resistance [7] 
     Figure 1 shows the converter circuit including current control, and taking into consideration the 
inductor resistance r. The circuit includes the following elements: controlled electronic switch, diode, 
practical inductor (non ideal ), capacitor, and Ohmic load. The control circuit is a sequential circuit, 
controlled by clock pulses and it is a current path with feedback including clock pulse generator, 
comparator, set-reset Flip-Flop and other elements. We presume that the converter operates as CCM. 
    Assuming that the switch is closed at t  = 0,  iL increases (storing power in the inductor magnetic field) 
until reaching the value Iref which leads to making the flip-flop opening the switch until reaching the next 
pulse, in which the switch is closed again.   
Figure 2 shows the operations taking place during the periods switch on and off. During the switch on 
period, the power is stored in the inductor, while the capacitor provides the load with power. At the same 
time, the capacitor voltage decreases. During the switch off period, the stored power in the inductor 
transfers into the capacitor and the load, while the capacitor voltage increases. 
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Fig. 1 DC-DC Boost converter with current control mode.  
   To establish the converter mathematical model with its control, we distinguish between two operation 
modes according to the switch state, and we derive the mathematical equations for each state. This 
developed mathematical model is featured by taking into account the actual inductor resistance r existing 
in practical inductors, which makes it more complex and difficult to build such model notably. 
 
Fig. 2 Waveforms of inductor current and output voltage [9] 
The aim of the developed mathematical model is formulating the iterative map. In other words, 
formulating the state equations which give the values of the system state variables: ࢏ࡸǡ ࢜࡯ at the instant 
n+1 in terms of its values in the instant n and the control parameters ௜ܸ ǡ ܫ௥௘௙ , as well.   
Closed switch   
The switch is closed at t = 0, and so the diode is blocked, and the circuit becomes as shown in Fig. 3. 
 
Fig. 3 The circuit with closed switch 
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The differential equations (DEs) of the circuit are:  
ܮ ݀݅݀ݐ ൅ ݎǤ ݅௅ ൌ ௜ܸሺͳሻ 
ܥ ݀ݒ௖݀ݐ ൌ െ
ݒ௖
ܴ ሺʹሻ 
Integrating (1) and assuming 
݅௅ ൌ ݅௡݂݋ݎݐ ൌ Ͳ 
݅௅ ൌ ܫ௅௥௘௙݂݋ݎݐ ൌ ݐ௡ 
we find the solution of  (1): 
ܮ൫ܫ௅௥௘௙ െ ݅௡൯ ൅
ݎǤ ݐ௡
ʹ ൫ܫ௅௥௘௙ െ ݅௡൯ ൌ ௜ܸǤ ݐ௡ ݎǤ ݐ௡
ʹ ൫ܫ௅௥௘௙ െ ݅௡൯ െ ௜ܸǤ ݐ௡ ൌ െܮ൫ܫ௅௥௘௙ െ ݅௡൯ 
ݐ௡ ൌ
ʹܮ൫݅௡ െ ܫ௅௥௘௙൯
ݎ൫ܫ௅௥௘௙ െ ݅௡൯ െ ʹ ௜ܸ
 
ݐ௡ ൌ
൫ܫ௅௥௘௙ െ ݅௡൯
ݎ
ʹܮ ൫݅௡ െ ܫ௅௥௘௙൯ ൅ ௜ܸܮ
ሺ͵ሻ 
Assuming: 
ݒ௖ ൌ ݒ௡݂݋ݎݐ ൌ Ͳ 
We find the solution of (2) at ݐ ൌ ݐ௡Ǥ The solution is of the form: 
 
ݒ௖ ൌ ܭǤ ݁ି௧ ோ஼Τ  
K is calculated from the initial conditions: 
ݒ௖ ൌ ݒ௡ǡ ݐ ൌ Ͳ  
ܭ ൌ ݒ௡  
ݒ஼ሺݐ௡ሻ ൌ ݒ௡Ǥ ି୲ ୖେΤ ሺͶሻwhere 
ܴܥ ൌ ߬ோ஼ 
and ݐ௡ is the instant of switch opening.  
Open switch 
The switch is open at ݐ௡, so  the diode is on as shown in  Figure 4 . 
 
Fig. 4 The circuit with open switch  
 The DEs of the circuit for this case are: 
ܮ ݀݅௅݀ݐ ൅ ݎǤ ݅௅ ൅ ݒ௖ ൌ ௜ܸሺͷሻ 
ܥ ݀ݒ௖݀ݐ ൅
ݒ௖
ܴ ൌ ݅௅ሺ͸ሻ 
Formulation of the inductor current DE 
From (5) 
ݒ௖ ൌ ௜ܸ െ ܮ
݀݅
݀ݐ െ ݎǤ ݅௅ሺ͹ሻ 
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 Differentiating (7) gives: 
݀ݒ௖
݀ݐ ൌ Ͳ െ ܮ
݀ଶ݅௅
݀ݐଶ െ ݎǤ
݀݅௅
݀ݐ ሺͺሻ
Substituting (7) and (8) in (6): 
  
ܥ ቆെܮ ݀
ଶ݅௅
݀ݐଶ െ ݎǤ
݀݅௅
݀ݐ ቇ ൅
ͳ
ܴ ൬ ௜ܸ െ ܮ
݀݅௅
݀ݐ െ ݎǤ ݅௅൰ ൌ  ݅௅ 
 
ܮܥ ݀
ଶ݅௅
݀ݐଶ ൅ ݎܥ
݀݅௅
݀ݐ െ
௜ܸ
ܴ ൅
ܮ
ܴ
݀݅௅
݀ݐ ൅
ݎǤ ݅௅
ܴ ൅ ݅௅ ൌ Ͳ 
 
݀ଶ݅௅
݀ݐଶ ൅
ݎ
ܮ ൬
݀݅௅
݀ݐ ൰ ൅
ͳ
ܴܥ ൬
݀݅௅
݀ݐ ൰ ൅ ሺ
ݎ
ܴܮܥ ൅
ͳ
ܮܥ ሻ݅௅ ൌ 
௜ܸ
ܴܮܥ 
 
݀ଶ݅௅
݀ݐଶ ൅ ൬
ݎ
ܮ ൅
ͳ
ܴܥ൰
݀݅௅
݀ݐ ൅ ሺ
ݎ
ܴܮܥ ൅
ͳ
ܮܥ ሻ݅௅ ൌ 
௜ܸ
ܴܮܥ ሺͻሻ 
Equation (9) is a second order DE for the inductor current.  The general solution of (9) = the particular 
solution + the homogeneous solution [8].  Assuming  ݅௅is constant, we find the particular solution: 
݅௅௣ሺݐሻ ൌ  ௜ܸݎ ൅ ܴ 
݅௅௣ሺݐሻ ൌ  ௜ܸ
Ȁܴ
ݎ
ܴ ൅ ͳ
ሺͳͲሻ 
The homogeneous solution depends on the roots of the characteristic equation: 
ߣଵǡଶ ൌ
െܾ േ ξܾଶ െ Ͷܽܿ
ʹܽ  
ߣଵǡଶ ൌ െ൬
ݎ
ʹܮ ൅
ͳ
ʹܴܥ൰ ט
ͳ
ʹඨ൬
ݎ
ܮ ൅
ͳ
ܴܥ൰
ଶ
െ Ͷሺ ݎܴܮܥ ൅
ͳ
ܮܥሻ 
or 
ߣଵǡଶ ൌ െ൬
ݎ
ʹܮ ൅
ͳ
ʹܴܥ൰ ט ݆߱ሺͳͳሻ 
where 
߱ ൌඨ൬ ݎܴܮܥ ൅
ͳ
ܮܥ൰ െ
ͳ
Ͷ ൬
ݎ
ܮ ൅
ͳ
ܴܥ൰
ଶ
 
or 
߱ ൌඨ൬ ݎܴܮܥ ൅
ͳ
ܮܥ൰ െ൬
ݎ
ʹܮ ൅
ͳ
ʹܴܥ൰
ଶ
ሺͳʹሻ 
Thus, the homogeneous solution is: 
 
݅௅௛ሺݐሻ ൌ  ݁ି௧ሺ
ೝ
మಽା
భ
మೃ಴ሻǤሺܣଵ ሺ߱ݐሻ ൅ܣଶ ሺ߱ݐሻሺͳ͵ሻ 
The general solution is: 
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݅௅ሺݐሻ ൌ  ݅௅௛ሺݐሻ ൅ ݅௅௣ሺݐሻ 
݅௅ሺݐሻ ൌ  ݁ି௧ሺ
௥
ଶ௅ା
ଵ
ଶோ஼ሻǤሺܣଵ ሺ߱ݐሻ ൅ܣଶ ሺ߱ݐሻ ൅ ௜ܸ
Ȁܴ
ݎ
ܴ ൅ ͳ
ሺͳͶሻ 
The constants A1 and A2 are calculated from the initial conditions. The circuit is represented by (14) until 
the arrival of the next pulse and so the switch closes again; for mathematical considerations we assume t 
= 0 and  ݐ௡′  is the period of switch open where: 
  
ݐ௡ᇱ ൌ ቀͳ െ ௧೙் ቁሺͳͷሻ 
From (14) and for t = 0,  ୐ is: 
୐ሺͲሻ ൌ ଶ ൅
୧
 ൅  ൌ ܫ௅௥௘௙ 
ܣଶ ൌ  ܫ௥௘௙ െ ௜ܸ
Ȁܴ
ݎ
ܴ ൅ ͳ
ሺͳ͸ሻ 
Equating (4) and (7) gives:  
ݒ௖ ൌ ݒ௡Ǥ ݁ି௧ ఛೃ಴Τ ൌ  ௜ܸ െ ܮ
݀݅௅
݀ݐ െ ݎǤ ݅௅ 
At  t = 0  the last equation becomes: 
ݒ௖ሺͲሻ ൌ ݒ௡Ǥ ݁ି௧೙ ఛೃ಴Τ ൌ  ௜ܸ െ ܮ
݀݅௅
݀ݐ פ௧ୀ଴െ ݎǤ ܫ௥௘௙ 
 
݀݅௅
݀ݐ ȁ௧ୀ଴ ൌ 
௜ܸ െ ݒ௡Ǥ ݁ି௧೙ ఛೃ಴Τ െ ݎǤ ܫ௅௥௘௙
ܮ ሺͳ͹ሻ
Differentiating (14) at t  = 0 gives: 
  
݀݅௅
݀ݐ ȁ௧ୀ଴ ൌ ܣଵ߱ െ ൬
ݎ
ʹܮ ൅
ͳ
ʹܴܥ൰ ܣଶሺͳͺሻ 
Equating (17) with (18): 
  
௜ܸ െ ݒ௡Ǥ ݁ି௧೙ ఛೃ಴Τ െ ݎǤ ܫ௅௥௘௙
ܮ ൌ ܣଵ߱ െ ൬
ݎ
ʹܮ ൅
ͳ
ʹܴܥ൰ ܣଶ 
  
ܣଵ ൌ 
௜ܸ െ ݒ௡Ǥ ݁ି௧೙ ఛೃ಴Τ െ ݎǤ ܫ௅௥௘௙ ൅ሺݎʹ ൅
ܮ
ʹܴܥሻܣଶ
߱ܮ  
Substituting ܣଶ  from (16)  gives:  
ܣଵ ൌ 
௜ܸ െ ݒ௡Ǥ ݁ି௧೙ ఛೃ಴Τ െ ݎǤ ܫ௅௥௘௙ ൅ሺݎʹ ൅
ܮ
ʹܴܥሻሺܫ௥௘௙ െ
௜ܸܴݎ
ܴ ൅ ͳ
ሻ
߱ܮ ሺͳͻሻ 
 Assuming  
ܫԢ௅௥௘௙ ൌ ܫ௥௘௙ െ ௜ܸ
Ȁܴ
ݎ
ܴ ൅ ͳ
ሺʹͲሻ 
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ܣଵ ൌ 
௜ܸ െ ݒ௡Ǥ ݁ି௧೙ ఛೃ಴Τ െ ݎǤ ܫ௅௥௘௙ ൅ሺݎʹ ൅
ܮ
ʹܴܥሻܫԢ௅௥௘௙
߱ܮ ሺʹͳሻ 
 
 By definition 
݅௡ାଵ ൌ ݅௅ሺݐ௡ᇱ ሻ 
Substituting A1 and A2 from (21) and (16) respectively in (14) gives:  
  
 ݅௡ାଵ ൌ ݅௅ሺݐ௡ᇱ ሻ ൌ  ݁ି௧೙
ᇲ ቀ ೝమಽା
భ
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ಽ
మೃ಴ሻூᇱಽೝ೐೑
ఠ௅ ሺ߱ݐ௡ᇱ ሻቇ ൅ሺܫ௥௘௙ െ

ೇ೔
ೃೝ
ೃାଵ
ሻ ሺ߱ݐ௡ᇱ ሻ ൅
ೇ೔
ೃೝ
ೃାଵ
ሺʹʹሻ 
      
In a similar way we get the equation for VC :  
 
ݒ௖೙శభ ൌ ݒ௖ሺݐᇱ௡ሻ ൌ
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ͳ
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ͳ ൅ ݎܴ
ቍ ሺ߱ݐ
ᇱ௡ሻ
߱
൅ ቌ ݒ௜ͳ ൅ ݎܴ
ݒ௡Ǥ ݁ି௧೙ ఛೝ೎Τ ቍ ሺ߱ݐᇱ௡ሻሿሺʹ͵ሻ 
 
The Differential equations of the circuit are (22) and (23), which are the state equations of the system, and 
they form the iterative map necessary to analyze the bifurcation and chaos for DC-DC boost converter. 
4. Computer simulations  
    The simulations were performed on a test DC-DC boost converter, which has the following parameters 
(table 1) that were chosen to enable the converter operation as CCM. The number of executed iterations 
for each simulation is nmax = 750, and only the last 250 iterations are plotted to produce the bifurcation 
diagrams, i.e. the first 500 iterations are ignored in order to avoid numerical instability [10]. In order not 
to exceed max limit of paper pages, we will present only some of the computer simulations results. In the 
sequence of discussing the computer simulations results we will refer to operation states: period-1 and 
Period -2. Period-1 means that the current value repeats itself in each period, while the Period-2 means 
that the current value repeats itself each two periods. 
Table 1 Test converter parameters [10] [9]  
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4.1 Computer simulation 1  
     We presume the inductor resistance r = 0, and we give Iref variable values in the range 0.5-5.5A, so 
we get the bifurcation diagrams (inductor current vs. reference current) shown in Figure 6. We note in 
Figure 6 that the critical bifurcation point (CBP) is at Iref = 1.6A, and consequently the operation mode 
until this point is a stable Period-1. By increasing Iref over 1.6A, we will get Period-2 for Iref = 1.6-2.35 
A, then Period-3, and thereafter the chaos starts from Iref = 2.7 A. 
     To check the effect of the inductor resistance on the converter dynamic behaviour, we give r variable 
values   from 1 to 4 Ω.  For example Figure 6 shows the bifurcation diagram for r = 4 Ω.  
 
     From Fig. 6, and by comparing it with Fig. 5, we note that CBP has been displaced towards left to the 
value Iref = 1.45 A for inductor resistance of 4 Ω. This means that the region of stable Period-1 has 
reduced due to considering the inductor resistance. By increasing Iref over 1.45 A, we get period-2 for 
Iref = 1.45-2.15A and then Period-3, and thereafter the chaos starts from Iref = 2.4 A. we summarize the 
simulations results for different values of inductor resistance in the Table 2. From Table 2 (left), we 
conclude that when the inductor resistance increases the stable region of converter operation Period-
1decreases, also the inductor current decreases, where the stable region and inductor current decrease for 
4 Ω resistance in comparison with perfect inductor is about 9.4% and 7% respectively. 
 
4.2 Computer simulation 2   
      We presume the inductor resistance r = 0, and we give Vi variable values 5-30 V, so we get the 
bifurcation diagram (output voltage vs. input voltage) shown in Fig. 8 (left); we note that the critical 
bifurcation point (CBP) is at Vi = 18.7V. Therefore, the operation mode until this point is stable Period-1. 
By decreasing Vi under 18.7V, we will get Period-2 for Vi =18.7-12.9 V, then Period-3, thereafter the 
chaos starts from Vi = 13.7 V. We conclude from the bifurcation diagram that the bigger input voltage is 
better for system stability. 
     To check the effect of inductor resistance on the converter dynamic behaviour, we give r different 
values   from 1- 4 Ω. For example Fig. 8 (right) shows the bifurcation diagram for r = 4 Ω. 
By comparing figures 7 and 8 we note that CBP has been displaced towards right to the value Vi = 20.5 V 
for inductor resistance of 4 Ω. This means that the region of stable operation Period-1 has reduced due to 
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considering the inductor resistance. By decreasing Vi under 20.5 V we get Period-2 for Iref = 1.45-2.15A, 
then Period-3 , and thereafter the chaos starts as from Vi = 12.9 V downwards. 
 
     We summarize the simulations results for different values of inductor resistance in Table 2 (right). 
From Table 2 (right), we conclude that when the inductor resistance increases the stable region of 
converter operation Period-1decreases, also the output voltage decreases for a fixed value of Iref, where 
the percentage of region and output voltage decrease for 4 Ω inductor resistance in comparison with ideal 
inductor is about 9.63% and 5.7% respectively. Also, Table 2(right) shows that by increasing the inductor 
resistance from 0 to 4 Ω, Vo/Vin decreases about 14%. 
 
Table 2 simulations results for different values of inductor resistance 
 
 5. Conclusions  
     The paper presents a developed mathematical model for the dynamic behaviour of a DC-DC boost 
converter. The model is suitable for the technique of discrete–time map. Based on the developed 
mathematical model, a general algorithm is designed to produce bifurcation diagrams necessary for 
analysis. Also, the algorithm is translated to a computer program in the environment of Matlab.  
         A wide range of computer simulations have been performed on a test DC-DC boost converters with 
different technical specifications, and the obtained results have been discussed in details. As a result of 
those simulations, some conclusions were made, which could be useful for converter design, its control 
circuit, and operational planning to let the converter working as stable period-1 mode, besides avoiding 
the phenomena of bifurcation and chaos in its dynamic behaviour in the long term. The most important of 
those conclusions are:  
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- when the inductor resistance increases, the stable region of converter operation Period-1decreases, also 
the inductor current decreases, where the stable region and inductor current decrease for 4 Ω inductor 
resistance in comparison with perfect inductor is about 9.4% and 7% respectively. 
-  when the inductor resistance increases the stable region of converter operation Period-1decreases, also 
the output voltage decreases for a certain value of Iref, where the stable region and  the output voltage 
decrease for 4 Ω resistance in comparison with perfect inductor is about 9.63% and 5.7% respectively. 
Also, by increasing the inductor resistance to 4 Ω, Vo/Vin decreases about 14%. 
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